Introduction
Oil-lubricated pad bearings are widely used to support axial thrust loading in various rotating machinery. The majority of such bearings in industrial applications employ centrally pivoted planepads for reasons of easy manufacturing and reversal operations. Figure 1 shows a schematic of such a bearing assembly.
As shown in the figure, a tilt of the pad to form a convergent wedge is needed to develop hydrodynamic pressure in the lubricating oil, thus, supporting the thrust load and separating the padcollar surfaces with the sufficient oil film thickness. However, the classical theory of hydrodynamic lubrication for the pad thrust bearings assumes a uniform oil viscosity throughout the bearing area. As a result, the theory predicts that with a centrally pivoted plane-pad, no tilt of the pad can be generated and, thus, no hydrodynamic lubrication can be developed in the bearing assembly, in sharp contrast to practical findings. This defected theory and its prediction of zero load capacity for centrally pivoted plane-pad bearings are well documented in machine-design and lubrication textbooks ͓2-4͔. These sources acknowledge the theoretical defect by briefly citing that other hydrodynamic-enable mechanisms are at work but without a material elaboration. Among the many handbooks on tribology and lubrication, two offer some design guidance of the pad thrust bearings ͓1,5͔. Reference ͓1͔ provided a number of dimensional design charts and states that these curves are based on an average turbine oil having a viscosity of 25 cSt at 60°C. No theoretical basis is mentioned and, thus, the applicability and reliability of the guidance are in question. Reference ͓5͔ provided a dimensionless design table generated using the classical lubrication theory on rectangular bearing pads at a series of ratios of inlet film thickness to outlet film thickness of the pad. The use of this design table to the centrally pivoted pad is suggested in their book ͓4͔ with the statement that it is equivalent to an inlet-outlet film ratio of two, based on experience. Lacking a sound theoretical basis, the applicability and reliability of this equivalence cannot be substantiated.
A number of researchers have investigated various mechanisms of lubrication in the centrally pivoted pad bearings and have revealed two major mechanisms. One mechanism is the decrease of viscosity of the oil as it flows through the bearing due to temperature increase of the lubricant ͓6,7͔. The other mechanism is the elastic deflection of the pad by the contact pressure ͓8͔. Greenwood and Wu ͓8͔ developed a single dimensionless parameter elastohydrodynamic model for infinitely wide plane-pad bearings. They obtain results of general representation for such a class of bearings, showing a significant load capacity for a wide range of dimensionless parameter. However, this deflection theory may not be generalized to bearings of finite-width pads due to large variation of pressure along the pad-width direction. Under such pressure distribution, the shape of pad deflection would become significantly three-dimensional as the width-to-length ratio of the pad is reduced within the practical range. The complex shape of the deflection would make the deflection-induced load capacity uncertain and would likely prevent a general design theory from being developed. Raimondi ͓7͔ numerically analyzed the oil viscositytemperature effects in a square-pad bearing with a lubricant of SAE 20 designation and a specific inlet temperature. The results show a significant effect of the hydrodynamic load capacity in relation to the viscosity-temperature characteristics of the lubricant. In contrast to the deflection mechanism, this viscositytemperature mechanism is not very sensitive to the width dimension of the pad as the heat generation and the heat transfer are mostly affected by the surface velocity-induced shear and flow of the lubricant in the bearing. Therefore, a simple and general theory for the lubrication of centrally pivoted plane-pad thrust bearings may be developed by focusing on the viscositytemperature mechanism. It would be a conservative theory for bearing design as other complicated and/or incidental mechanisms would help provide a design factor of safety. This paper aims to develop such a baseline theory for the design of centrally pivoted plane-pad bearings, making a fundamental contribution to the bearing design literatures. Figure 2 shows a schematic of a centrally pivoted pad bearing. An equivalent rectangular pad is often used in literature ͓4͔ to perform first-order selections and calculations for the bearing design. In this paper, an infinitely wide pad is taken to derive a dimensionless analytical model. It will be shown later in this paper that the resulting key results from this model largely hold for the finite-width pads as the viscosity-temperature effects are not very sensitive to the width dimension of the pad.
The Theoretical Model
For an infinitely wide plane-pad, the governing equations are the Reynolds equation
and the energy equation
The oil lubricant is adequately Newtonian and incompressible under any practical operating conditions. The following assumptions are made so that simple analytical solutions can be obtained that may capture the fundamental thermal-hydrodynamic characteristics of the system.
͑1͒
The conduction heat transfer of the lubricant is assumed to be secondary to the convection heat transfer. ͑2͒ The convection heat transfer is assumed to be carried at the cross-film average velocity of the lubricant. ͑3͒ The shear strain rate in the lubricant is taken to be uniform, approximated by the bearing-average velocity-induced strain rate.
The first assumption is sound for a bearing with any reasonable sliding velocity. The second assumption reduces the temperature field of the lubricant to be a function of the x-location in the pad bearing, representative of the cross-film average temperature distribution. In the third assumption, it can be shown by an order of magnitude analysis ͑Appendix A͒ that the pressure-induced shear strain rate in the lubricant is generally secondary to its velocityinduced counterpart. Also, the error associated with the neglect of the deviation of the strain rate from its bearing-average value can be shown to be generally small ͑Appendix B͒. With these assumptions, Eq. ͑2͒ is simplified to
The viscosity-temperature behavior of the lubricant is meaningfully described by the following exponential relation ͓4͔:
Substituting Eq. ͑4͒ into Eq. ͑3͒ and letting
The boundary condition of Eq. ͑5͒ is T͑0͒ = 0 and T is the temperature rise from the inlet temperature of the bearing. Equations ͑1͒ and ͑5͒ can be nondimensionalized to yield dimensionless analytical results of a general representation. Define the following dimensionless variables:
Using Eqs. ͑7͒-͑9͒, Eq. ͑5͒ is nondimensionalized to
where
and is designated as the bearing thermal coefficient. Equation ͑11͒ can be analytically solved to yield a dimensionless temperature distribution along the bearing pad Transactions of the ASME
Substituting Eqs. ͑7͒ and ͑13͒ into Eq. ͑4͒ along with T o = 0 yields an expression for the viscosity variation along the pad
͑14͒
Using Eqs. ͑6͒, ͑8͒, ͑10͒, and ͑14͒, Eq. ͑1͒ is nondimensionalized to
Referring to Fig. 2 , the dimensionless film thickness can be expressed in terms of X and H by
Solving Eq. ͑15͒ yields an expression for the dimensionless pressure distribution along the pad
and c 1 and c 2 are the integration constants. Equations ͑18͒ and ͑19͒ are integratable and their analytical expressions can be obtained with the aid of an online integrator. The two integration constants are determined with the boundary conditions of p͑0͒ = p͑1͒ = 0. The location of the total pressure force or the pressure center coincides with that of the pad pivot. For a centrally pivoted pad, it leads to
The dimensionless load of the bearing is given by
where w is the load per unit width of the bearing pad. The formulation has produced an analytical thermalhydrodynamic model for centrally pivoted infinitely wide planepad bearings with a single dimensionless parameter C th . For a given value of C th , Eqs. ͑17͒ and ͑20͒ can be simultaneously solved to determine the convergent inclination of the pad H and the dimensionless pressure distribution in the bearing p͑X͒. The dimensionless load w can then be obtained by Eq. ͑21͒. Incidentally, the model may also be used to describe the bearings with off-central-pivoted pads. For those bearings, Eq. ͑20͒ is modified by replacing 0.5 by the dimensionless pivot location of the pad in the bearing.
It is noted that C th contains the film thickness h o of the bearing and is, thus, not an intrinsic parameter of the system. Multiplying C th by w , the latter solely being a function of the former, yields
reveals that the product of C th and w is system intrinsic as it is solely determined by the thermal properties of the lubricant ␤ / c and the bearing working pressure p w = w / B. Figure  3 shows the values of W th as a function of C th . The one-to-one relation between C th and W th suggests that W th can serve as the single intrinsic parameter of the thermal-hydrodynamic model of the centrally pivoted plane-pad bearing. Define W th as the bearing load parameter. Since the viscosity-temperature coefficient of a typical lubricating oil is of order ␤ ϳ 0.04°C −1 , density of order ϳ 900 kg/ m 3 , and specific heat c ϳ 2000 J / kg°C, ␤ / c is of order 2.0ϫ 10 −8 m 2 / N. Furthermore, the nominal working pressure of a pad bearing is often designed to be around p w ϳ 5.0 MPa ͓5,8͔. Therefore, the bearing load parameter is of order W th ϳ 0.1. Figure 4 shows the pad inclination as a function of the bearing load parameter. The results suggest that the viscosity-temperature effect of the lubricant would induce a convergent film gap in the bearing with H around 1.4 for W th ϳ 0.1. Figure 5 shows the bearing dimensionless load as a function of the bearing load parameter. The load is expressed in the scale of the maximum-load determined using the classical isothermal theory under the optimal load capacity design condition. For an infinitely wide pad, this optimal condition is achieved with the pad pivoted around X = 0.58 or with the pad inclined around H = 2.2 to give w max = 0.16 ͓9͔. The results suggest that the load capacity generated by the viscosity-temperature effect reaches the peak value at W th Fig. 3 The one-to-one relation between the two model parameters Fig. 4 Convergent inclination of the pad under practical design conditions Ϸ 0.08 and is about 42% of the maximum-load capacity obtainable by an optimally pivoted pad bearing under the isothermal condition.
Results and Analysis
A primary objective in bearing design is to ensure that sufficient lubrication film thickness is developed in the bearing as the system operates. Therefore, it is of fundamental and practical interest to determine the film thickness in a centrally pivoted plane-pad bearing due to the viscosity-temperature effect of the lubricant. Referring to Eq. ͑21͒ and under a given applied load w, one obtains
where h max is the outlet film thickness of the pad bearing determined using the classical isothermal theory under the maximumload optimal design condition. Simplifying and rearranging Eq. ͑23͒ yields Figure 6 shows h o in the scale of h max for the range of W th of practical interest. The results suggest that h o is around 0.65h max under practical operating conditions. Although the simple theory is developed using an infinitely wide pad model, the h o Ϸ 0.65h max relation is expected to hold also for a finite-pad bearing. This expectation is based on the consideration that the characteristics of the viscosity-temperature thermal effects would not be significantly altered by the pressureinduced side flow, which is secondary to the velocity-induced forward flow. A good support is found in the work of Raimondi ͓7͔. Raimondi performed a full-scale numerical analysis of thermalhydrodynamic lubrication of a square-sized pad bearing. The lubricant used in the analysis is a SAE 20 grade oil supplied at 38°C. The density and the specific heat of the lubricant are 864 kg/ m 3 and 1987 J / kg°C and the viscosity is tabulated with temperature that is meaningfully fitted with ␤ Ϸ 0.04°C −1 . Figure  6 in Ref. ͓7͔ showed the film thickness results obtained with a series of loading and with the pad pivoted at various locations. His loading parameter may be converted to C th and, thus, W th with the above thermal property values of the lubricant. The results show that the film thickness obtained with a centrally pivoted pad and with the loading parameter comparable to C th = 0.8ϳ 2.67 or W th = 0.05ϳ 0.17 lies in the range of 60ϳ 65% of the film thickness obtained under the isothermal optimal condition ͑with the pad pivoted around X = 0.60͒. His numerical result of this specific problem is in remarkable agreement with the general analytical result of h o Ϸ 0.65h max shown in Fig. 6 . In addition, Raimondi ͓7͔ showed the calculated pad inclination in his Fig. 11 . The results show that H ranges from 1.3 to 1.55 with his loading parameter comparable to W th = 0.05ϳ 0.17, which is also in excellent agreement with the analytical results shown in Fig. 4 .
The simple film thickness relation of h o Ϸ 0.65h max ͑or the relation in Fig. 6͒ may be useful in the design of centrally pivoted plane-pad thrust bearings. One may carry out all the design selections and calculations using the classical lubrication theory with the pad pivoted at the maximum-load optimum location. Then, the film thickness h o for the centrally pivoted bearing would be about 0.65 of that determined in the above design calculations. On one hand, one may prescript a film thickness that is 1.54 times the design requirement in the calculations. On the other hand, since h o is proportional to ͱ o , as suggested by Eq. ͑22͒, one may select a different lubricant having 2.4 times as much viscosity as the one used in the calculations to give the film thickness that satisfies the design requirement. It should be pointed out that the h o Ϸ 0.65h max relation is obtained assuming the viscositytemperature effect is the only major mechanism of hydrodynamic generation. If other strong mechanisms exist, such as the elastohydrodynamic effect presented in Greenwood and Wu ͓8͔, the film thickness could be significantly larger.
Another key design interest is to determine the friction in the bearing. It can be shown that the pressure-induced shear stress in the lubricant is generally secondary to the sliding velocity-induced shear stress ͑Appendix B͒. Therefore, a meaningful approximation of the coefficient of friction is given by
Substituting Eqs. ͑14͒ and ͑16͒ into Eq. ͑25͒ and carrying out the integral yields
An expression for the coefficient of friction assuming an isothermal condition and with the pad pivoted at its maximum-load capacity position of X = 0.58 can also be obtained from Eq. ͑26͒ by setting C th =0, H = 2.2, and h o = h max to give
Since f iso can be calculated using the classical isothermal theory, it can be used to determine f if the ratio of f and f iso is formulated under the condition of the same outlet film thickness ͑i.e., equal to 
where C f and C fiso are defined in Eqs. ͑26͒ and ͑27͒ and h o / h max may be taken from Fig. 6 ͑or Eq. ͑24͒͒. Figure 7 shows the results of Eq. ͑28͒ for a range of the bearing load parameter of practical interest. The results suggest that for W th Ϸ 0.1, the friction in the centrally pivoted plane-pad bearing is about 1.7 times the friction determined using the isothermal theory under the maximum-load optimal condition and with the film thickness equal to the design requirement. This simple relation ͑or the relation shown in Fig. 7͒ may once again make the equations and/or design tables obtained with the classical lubrication theory useful for the design/analysis calculations of centrally pivoted pad bearings. The f Ϸ 1.7f iso relation is expected to once again hold for a finite-pad bearing as the viscosity-temperature thermal effects and, thus, the shear stresses in the lubricant do not seem to be significantly affected by the pressure-induced side flow. The friction results obtained by Raimondi ͓7͔ for the square-pad bearing once again offer a good support to this expectation. His Fig. 8 shows the coefficient of friction obtained with a series of loading and with the pad pivoted at various locations. The results for all the cases are obtained with a given oil ambient viscosity o instead of enforcing the same film thickness. The ratio of the friction with the centrally pivoted pad to the friction under the isothermal maximum-load optimal condition ranges from 1.21 down to 0.77 corresponding to his parameter comparable to W th = 0.05 ϳ 0.17. Equations ͑26͒ and ͑27͒ may be used to formulate a friction-ratio expression with the same o to give
Results of Eq. ͑29͒ are shown in Fig. 8 as a function of the bearing load parameter, showing f / f iso Ϸ 1.35ϳ 0.8 corresponding to W th = 0.05ϳ 0.17. The simple analytical theory sensibly predicts the friction for a specific finite-pad bearing problem.
Conclusion
This paper develops a baseline theory for oil-lubricated centrally pivoted plane-pad thrust bearings. By focusing on the hydrodynamics generated by the viscosity-temperature effects of the lubricating oil, a mathematical model is derived with a single dimensionless parameter W th . Results and analysis suggest the following:
͑1͒ For typical pad bearings in current industrial practice, the W th parameter has a nominal value of 0.1. The viscositytemperature thermal effects induce a pad inclination around H Ϸ 1.4 and generate a bearing load capacity around 40% of the maximum possible load capacity under isothermal optimal condition. ͑2͒ The minimum oil film thickness in the bearing is about 0.65 of the film thickness determined using the classical isothermal lubrication theory with the pad pivoted at the maximum-load optimum location. Thus, by setting the film thickness to 1.54 times the design requirement, one may carry out design selections and calculations using the classical theory. ͑3͒ The friction in the bearing is about 1.7 times the value determined using the classical theory at the maximum-load optimum condition and with the film thickness equal to the design requirement. Thus, one may also use the classical theory to meaningfully calculate the friction and power loss in the centrally pivoted plane-pad bearing systems.
The theory is developed based on in-depth understanding of lubrication science, order of magnitude analyses of the assumptions, and supporting evidence from numerical literature case studies. It would be a conservative baseline theory for the bearing design as other complicated and/or incidental mechanisms would help provide a design factor of safety.
Nomenclature
B ϭ length of the bearing pad ͑Fig. 2͒ c ϭ specific heat of the lubricant C th ϭ bearing thermal coefficient ͑Eq. ͑12͒͒ f ϭ bearing friction coefficient f iso ϭ friction coefficient under isothermal maximumload optimum condition h ϭ bearing film thickness h i ϭ bearing inlet film thickness h o ϭ bearing outlet film thickness ͑Fig. 2͒ h max ϭ bearing outlet film thickness under isothermal maximum-load optimum condition h ϭ dimensionless film thickness ͑Eq. ͑10͒͒ H ϭ bearing convergence inclination ͑Eq. ͑9͒͒ k ϭ thermal conductivity of the lubricant p ϭ bearing pressure distribution p w ϭ nominal ͑average͒ working pressure in the bearing T ϭ bearing temperature distribution T o ϭ bearing inlet temperature T ϭ dimensionless temperature ͑Eq. ͑7͒͒ x ϭ bearing coordinate along the sliding direction X ϭ dimensionless x coordinate ͑Eq. ͑8͒͒ u ϭ x-direction velocity of the lubricant in the bearing U ϭ bearing sliding velocity ͑Fig. 2͒ w ϭ bearing load per unit pad-width w ϭ bearing dimensionless load ͑Eq. ͑21͒͒ w max ϭ bearing dimensionless load under isothermal maximum-load optimum condition W th ϭ bearing load parameter ͑Eq. ͑22͒͒ z ϭ bearing coordinate cross the film direction ␤ ϭ lubricant viscosity-temperature coefficient ͑Eq. ͑4͒͒ ␥ ϭ shear strain rate in the lubricant ϭ lubricant viscosity o ϭ lubricant ambient viscosity ϭ lubricant density x ϭ x-direction shear stress in the lubricant
